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Predicate Logic ( 1§1a%Z48 )

- — 1 1.2 First Order Logic —

Step 2. Ask the computer
to solve the formula.




A Quick Recap — Predicate Logic

* Basic Concept

 Deduction



Outline — This Lecture

 SMT Solver
« SMT
 From DPLL to DPLL(T)
« EUF

* The Nelson-Oppen Method



SMT

- DEFINITION
The SMT problem (abbreviated satisfiability modulo theories) is the

problem of determining If there exists an interpretation that satisfies a

\given predicate logic formula.

4 )
We can use SAT solvers to solve SAT

probLems au’coma‘c’waLLg. can we solve
SMTprobLems automat’waug?

\_




el MathSAT 5

An SMT Solver for Formal Verification & More

SMT Solvers can do it!

2 53 cvCa




-
There are some powerful SAT solvers based

on. DPLL. Can we build SMT solvers based N
own these SAT solvers? N\ je

\_

First, we consider the case of quantifier-free formulas.
In the textbook, interpretation doesn’t include constants.
But in SMT solvers, interpretation includes them.



A Quick Recap

@ || 1v2, 2v3, 1v3v4, 2v3v4, 1v4

4 )

The tnput of a SAT solver is CNF and it
uses DPLL to solve the problemt.

\_




WHY CNF?

1) Convert the formula to DNF.
2) Build a specialized T-solver for deciding the satisfiability of conjunctions of literals.

3) Use the T-solver to check whether any of the DNF conjuncts is satisfiable.

p
It seems to be good. Do You

reallze sove ‘probtems?




A Quick Recap

(A1 V By)A (AL AN A Ao NAR)V

(Ag V By)A (Bi ANAx A ... N A,V

(Az V B3)A ) (A{ ABy A ... NA,)V 2"
(An V By) (By ABy A ...\ B,)

/\

-

\_

You can convert a formula tnto DNF, but the

original formula—in fact, exponentially so.

resulting formula might be very much larger thaw the

J




WHY CNF?

-

\_

we may combine SAT solvers and

T-solvers to determine satistiability

of a formula tn CNF.

~
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WHY CNF?

(AL N A2 N A3) VvV (B1 A B2 A B3)

4

[ l(m V B1) A (A1 Vv B2) A (Al V B3)A
2X=3

(A2V B1) A (A2 Vv B2) A (A2 V B3)A
(A3V B1) A (A3V B2) A (A3 V B3)

-
It seemus to expowewt’uaLL5

explodte, too.




Switch Variables

(AL AN A2 N A3)V (B1 A B2A B3)

r

.

The translation is
equi-satisfiable,

T
(Z — A1 AN A2 AN A3)A
(-Z — B1 A B2 A\ B3)

he translation Ls wo‘c
equb\/aww‘c.

J

r

.

Exercise: convert Lt to CNF and
check Lf there Ls explosion.




Switch Variables

(AL AN A2 N A3)V (B1 A B2A B3)

-
The translation s ﬁﬂae translation Ls wo‘c
Z — A1 N A2 N A3

L-satisfi equivalent.
U satisfiable, 7 BN BB q )

Z — (AL A A2 A A3)) A (ﬁz — (B1 A B2 A B3))
~ZV (ALA A2 A A3)) A (Z V (BLA B2 A B3))

(
= ‘ , A
[3+3L(ﬂZvAl)A(ﬂZvAQ)/\(ﬂZvAS)Q There o ot
( exploston.
AN y

ZN Bl)A(ZV B2) N (ZV B3)




Eager SMT converts a theory
into a SAT problem



Eager SMT Techniques




Eager SMT Techniques




Eager SMT Techniques




Eager SMT Techniques

-

\_

The bnput formula can be translated using
a satisfinbility-preserving transformation

into a propositional CNF formula.




Eager SMT

Technigques

\_

Represent X, Y and z by
two variables each.

Theg are sivallay to bits. P

~N

r=1Vax=23)A
y=1Vy=2Vy=
z=3)A

T # YA

T # 2)N\

Yy # z)

X wmp |pl|po
y == |ql|q0
z wmmp 1|10




Eager SMT Techniques

(x=1Va=3)A
(y=1Vy=2Vy=3)A
(z =3)A
G (z # y)A
X ‘ (z # 2)A
((=p1 A p0) V (p1 A p0))A / (y # 2)
(=gl A g0) Vv (g1 A—q0) V (g1 A gO))A
(r1 A T0)A X wmp |pl|p0
=((p1 > q1) A (pO ¢ 0))A y =y |ql|q0
—((gl <> r1) A (g0 <> r0))A 7 ‘ r1 | ro

—((pl <> r1) A (p0 < r0))



Eager SMT Techniques

(x=1Va=3)A
(y=1Vy=2Vy=3)A
(z =3)A
B (z # y)A

((=p1 A p0) V (pl A pO))A / (y # 2)

(=gl A g0) Vv (g1 A—q0) V (g1 A gO))A

(r1 A r0)A . X =) pl

=((pl < q1) A (p0 < q0))A Leave the rest to

~((g1 ¢ 71) A (g0 & rO)A _powerful SAT solvers.

—((pl <> r1) A (p0 < r0))



Eager SMT Techniques

Eager SMT technigues require to encode problems to SAT:
1) Represent the state space

2) Convert the problem into the new representation

3) Check the equisatisfiability

4) (Optional) Reduce redundancy



what if theve are
uninterpreted functions?

\_




Eager SMT Techniques

( )

X, Y andl z are
bool type.

Fu I/Lc’ci,ovﬁ’ﬁ (k ~N

uw’uw’cerpreted. wWe wawnt to emcode Lt to

SAT, including f.
\__ J

.




Eager SMT Techniques

/Rﬁptace functions with
fresh variables, Fresh = JN

variables are variables (<> fr)A
t V4 V4
l’l/ﬂt/l/\/ﬁ\/ﬁ" exXLSt L —I(IE 7N fy)
original formula.

\_ /

s the result equisatisfiable
with the original formula?

.




Eager SMT Techniques

Ax={({(z)) =f(5)J
y=fz)Ne=f(f(2) A(x= f(y))

(oAt '




Eager SMT Techniques
Ax={({(z)) =f(5)J

y=fz)Ne=f(f(z)) A=(x = fy))

(coisar] '
N
(y & f)A <[yz~.sz‘mT
T4 1)\ fr=="T,f, =F
[ ot ] (< fr2) f )




Eager SMT Techniques
Ax={(f(z)) =f(5)J

y=fz)Ne=f(f(z)) A=(x = fy))

(coisar) '

~
% & fn A?JTJZT‘&?T
x> fr)A\ fro=T, f,=F
[ SAT ] ( f) f ,
ﬂ(ﬂﬁ(—)fy)

p
Without the relation between

() and £(£@): fY) =f(F).




Eager SMT Techniques

~
Property of

function f:

Qﬂ=b—>f(a)=f(b)j




Eager SMT Techniques

We can always use the best available SAT solver off the shelf.



Eager SMT Techniques

We can always use the best available SAT solver off the shelf.

Issues:
Not very flexible to make them efficient,
Sophisticated translations are required for each theory.

On many practical problems the translation process or the SAT solver run out of time or

memory.

[ memory) BE=2




Lazy SMT integrates theory support
into the propositional search



Lazy SMT Techniques

e DEFINITION
An atomic formula in predicate logic is a formula without propositional

connectives or quantifiers.

=Vl =3
=3
-fz = I { atom formums]




Lazy SMT Techniques

(r=1Vx=3)A (Pl V p2)A
(y=1Vy=2Vy=3)A (p3V pd V p5)A
(E = )/\ (pﬁ)f\,
ﬁ
~(z = y)A P
—(xz = 2)A\ p8A
(

\

Stepd: veplace atomle
formulas with fresh
L propositional variables.

J




Lazy SMT Techniques

[ if it is unsatisfiable,
(z=1vz=3)A (1 V P2 the original formula is
lso unsatisfiable,

(y=1Vy=2Vy=23)A (p3 V pd V p5)A d\/ J
(z = 3)A (P6)A DPLL
ﬁ

= UNSAT
—(z = y)A —pTA
—(xz = 2)A\ —p&A
~(y = 2) —p9

~
StepR: use SAT solvers to

pet asstgnments.
\. J




Lazy SMT Techniques

(x=1Vz=3)A (pl V p2)A

(y=1Vy=2Vy=3)A (p3 V pd V ph)A

(2= 3)A (p6)A ppL. Pl=1lp2=Lp3i=1.pl=1F
(= y)A _>ﬂp7,«\ > p5 = F,pb =T,p7 = F,p8 = F,
—(x = 2)A —p8A pI=F

—(y = 2) —p9

~
StepR: use SAT solvers to

pet asstgnments.
- y




Lazy SMT Techniques

(z=1Vz=3)A (p1V p2)A
(y=1Vy=2Vy=3)A (p3 V pd V p5)A
(2 = 3)A (pEIA DPLL pl=T,p2=F.p3=1,p4d = F,
(2= y)A _>ﬂp7f\ mml b = F.p6 =T,p7 = F,p8 = F,
(= 2)A —p8A i
~(y = 2) —p9
4 r=1lx#3,y=1y#2,
Step3: use T-solvers to T S
cheek the satisfinbility, Y42

\_




Lazy SMT Techniques

(z=1Vz=3)A (p1V p2)A
(y=1Vy=2Vy=3)A (p3 V pd V p5)A
(2 = 3)A (pEIA DPLL pl=T,p2=F.p3=1,p4d = F,
e mml b = F.p6 =T,p7 = F,p8 = F,
—(z = y)A —pTA
~(z = 2)A ~p8A P =
~(y = 2) —p9
4 Ha" # 3y Y # 2,
Step3: use T-solvers to Y £ 32— 3 Tz,
cheek the satisfinbility, y 4 2 -;iN

N %J;..,,__




Lazy SMT Techniques

(z=1Vz=3)A (p1 V p2)A
(y=1Vy=2Vy=3)A (p3 V pd V p5)A
(2 = 3)A (56)A DPLL pl=T,p2=F.p3=1,p4d = F,
(2 = y)A e ST pb =F,p6 =T,p7 = F,p& = F,
0 =
—(z = 2)A —p8A g
~(y = 2) —p9
[ Ifitis unsatisfiable, [=1-~ 3L v72,
tell SAT solver to give vse=sfzufse
1 y#z N
L another asstonment. 4{{‘\




Lazy SMT Techniques

(r=1Vaz=3)A (pl V p2)A
(y=1Vy=2Vy=3)A (p3 V pd V p5)A
(2 = 3N (56)A opry Pl=Llp2=FEps=1pi=1F
: A —— ST pb =F,p6 =T,p7 = F,p& = F,
=l r = ’y =
9=F
—I(:E = z)/\ —pSA P
~(y = 2) —pY
" o2 fr=1]y 2
But how to tell the SAT EE _ 3*1" 4
solver this assignment vy \
d t lR? | YALST

g /




Lazy SMT Techniques

(z=1vz=3)A (p1 V p2)A
(y=1Vy=2Vy=3)A (P3V paV p5)A
(z — 3)/\ (pﬁ)/\ DPLL pl = T, pQ = F,pg — T; p4 — F!

( )f\ TA pd = F,p6 =T, ,p7 = F,p8 = F,
~(z =y —p

p9 = F
(@ =2N —p8A
=(pl A =p2 A p3 A —pdA

—(y = 2) —p9

=ph A pb A —p7 A —p8A

—p9)
r . = 1o # 3y = 1]y # 2.
It mag be redundant. \% | EE _ 3*1" 4
Clever T-solvers can ;_; 2, " |
! E-FEN

\@ Lve sbimpler formuLas.j LTSy




Lazy SMT Techniques

(z=1Ve=3)A (p1 V p2)A
(y=1vy=2vy =3 (p3V pAV PS)A
(323) (pﬁ)/\ DPLL pl:T,pZ:F,pS:ij,gL:F?
= 1": _|p
p9 = F
—|(?}= ) —p }91/\}’)3/\—in

. \% | B
It may be redundant. y75:=3f 2 ofe # =

Clever T-solvers can
y7z 7#""'

\@ Lve stmpler formuLas.j \




Lazy SMT Techniques

(r=1Vx=3)A (pl V p2)A

(y=1Vy=2Vy=3)A (p3 V pd V p5)A

( = 3)A (p6)A TR ) “=i T
(2 = y)A e ST ph = F.p6 =T,p7 = F,p8 = F,
o p9 =F

—I(.T = z)/\ —pSA

~(y = 2) —pY —(pl A p3 A —pT)

| r=1z#3y=1y#2,
y#3,z=3,x#y,x#z,

Yy F z E?W§M



Lazy SMT Techniques

(r=1Vx=3)A (pl V p2)A

(y=1Vy=2Vy=3)A (p3 V pd V p5)A

( = 3)A (p6)A TR ) “=i T
(2 = y)A e ST ph = F.p6 =T,p7 = F,p8 = F,
o p9 =F

—I(.T = z)/\ —pSA

~(y = 2) —pY —(pl A p3 A —pT)

r=1,r+#3 ,_
Ly%&z—&m#y,m#a

[SAT(:U%Z @




Lazy SMT Techniques

The main advantage of the lazy approach is its flexibility, since it can easily

combine any SAT solver with any T-solver.

Several refinements exist that make the SMT procedure much more efficient

when the SAT solver uses DPLL.



A Quick Recap

@ || 1v2, 2v3, 1v3v4, 2v3v4d, 1v4d — (Decide)



A Quick Recap

4| 1v2, 2v3, 1v3v4, 2v3v4, 1v4 = (Decide)
19| 1v2, 2v3, 1v3v4, 2v3v4, 1v4d — (UnitPropagate)



A Quick Recap

4| 1v2, 2v3, 1v3v4, 2v3v4, 1v4 = (Decide)
19 ]| 1v2, 2v3, 1v3v4, 2v3v4, 1v4 = (UnitPropagate)
192 || 1v2, 2v3, 1v3v4, 2v3v4, 1v4 = (UnitPropagate)




A Quick Recap

@ || 1v2, 2v3, 1v3v4, 2v3v4, 1vd = (Decide)

19| 1v2, 2v3, 1v3v4, 2v3v4, 1v4 — (UnitPropagate)
192 || 1v2, 2v3, 1v3v4, 2v3v4, 1v4d = (UnitPropagate)
1923 || 1v2, 2v3, 1v3v4, 2v3v4, 1v4d = (UnitPropagate)



A Quick Recap

0 v2, 2v3, 1v3v4, 2v3v4, 1v4 = (Decide)
19 1v2, 2v3, 1v3v4, 2v3v4, 1v4d = (UnitPropagate)
192 || 1v2, 2v3, 1v3v4, 2v3v4, 1v4d = (UnitPropagate)
1923 | 1v2, 2v3, 1v3v4, 2v3v4, 1v4d = (UnitPropagate)
19234 || 1v2, 2v3, 1v3v4, 2v3v4, 1vd = (Backtrack)




A Quick Recap

0 V2,

19 1v2,

192 || 1v2,
1923 || 1v2,
19234 || 1v2,
1 1v2,

2V 3,
2V 3,
2V 3,
2V 3,
2V 3,
2V 3,

1v4
1v4
1v4
1v4
1v4
1v4

(Decide)
(UnitPropagate)
(UnitPropagate)
(UnitPropagate)
(Backtrack)
(UnitPropagate)

Leeell



A Quick Recap

0 V2,

19 1v2,

192 || 1v2,
1923 || 1v2,
19234 || 1v2,
1 1v2,

14| 1v2,

2V 3,
2V 3,
2V 3,
2V 3,
2V 3,
2V 3,
2V 3,

1v4
1v4
1v4
1v4
1v4
1v4
1v4

(Decide)
(UnitPropagate)
(UnitPropagate)
(UnitPropagate)
(Backtrack)
(UnitPropagate)
(Decide)

Leesell



A Quick Recap

0 v2, 2v3, 1v3v4, 2v3v4, 1v4 = (Decide)
19| 1v2, 2v3, 1v3v4, 2v3v4, 1v4 — (UnitPropagate)
192 || 1v2, 2v3, 1v3v4, 2v3v4, 1v4d = (UnitPropagate)
1923 || 1v2, 2v3, 1v3v4, 2v3v4, 1v4d = (UnitPropagate)
19234 || 1v2, 2v3, 1v3v4, 2v3v4d, 1v4d — (Backtrack)
1| 1v2, 2v3, 1v3v4, 2v3v4, 1vd = (UnitPropagate)
14 | 1v2, 2v3, 1v3v4, 2v3v4, 1vd — (Decide)
143% | Tv2, 2v3, Tv3v4, 2v3vad, 1v4 —> (UnitPropagate)




A Quick Recap

0| 1v2, 2v3, 1v3v4, 2v3v4d, 1v4d = (Decide)
19| 1v2, 2v3, 1v3v4, 2v3v4, 1v4 — (UnitPropagate)
192 || 1v2, 2v3, 1v3v4, 2v3v4, 1v4d = (UnitPropagate)
1923 || 1v2, 2v3, 1v3v4, 2v3v4, 1v4d = (UnitPropagate)
19234 || 1v2, 2v3, 1v3v4, 2v3v4d, 1v4d — (Backtrack)
1| 1v2, 2v3, 1v3v4, 2v3v4, 1vd = (UnitPropagate)
14 | 1v2, 2v3, 1v3v4, 2v3v4, 1vd — (Decide)
143% | Tv2, 2v3, Tv3v4, 2v3vad, 1v4 —> (UnitPropagate)
1432 | Tv2, 2v3, Tv3v4, 2V3Va, 1v4




Incremental T-solver

In the original algorithm, T-solver checks unsatisfiability after DPLL finishes.

Can we discover errors earlier and notice SAT solver?

4 , )
If we can do it, we can save a

large amount of useless

worlke anol tine. »




Incremental T-solver

(r=1Vx=3)A (pl V p2)A
(y=1Vy=2Vy=3)A (p3 V pd V p5)A
(z=3)A (p6)A

—(x = y)A ‘ A

( )
—(x = 2)A\ —p8A
( ) —p9



Incremental T-solver

(xr=1Vx=3)A (pl V p2)A
(y=1Vy=2Vy=3)A (p3 V pd V p5)A
(2 =3)A (p6) A
—(z = y)A - —pTA
—(z = 2)A —p8A
~(y = 2) —p9
4 | 1v2, 3v4av5s, 6, 7, 8, 9 = (UnitProp)
lgnore pure

Literal rule here.
\_




Incremental T-solver

(r=1Vz=3A (pl V p2)A
(y=1Vy=2Vy=3)A (p3 V pd V p5)A
(z =3)A (p6)A
—(z = y)A d —pTA
—(x = 2)A —p8A
—(y = 2) —p9
\/ 0| 1v2, 3v4vVv5h, 6, 7, 8,
IEe)\V=e| em 6 789 1v2, 3v4v5h, 6, 7, 8,

9
9

— (UnitProp)

— (Decide)



Incremental T-solver

(x=1Vax=3)A (pl V p2)A
(y=1Vy=2Vy=3)A (p3 V pd V p5)A
(z = 3)A (p6) A
~(z = y)A d —pTA
—(x = 2)A —p8A
~(y = 2) —p9
\/ D) 1v2, 3v4vh, 6, 7, 8, 9 = (UnitProp)

6789 1v2 3v4Vv5s, 6, 7, 8, 9 = (Decide)
T-solver 1v2, 3v4v5s, 6, 7, 8, 9 = (UnitProp)




Incremental T-solver

(z =1Vl = 3]A (p1V p2)A
(y=1Vvy=2Vvy=23)A (p3 VvV pd V p5)A
(z=3) (p6)A
—(x = y)A - —pTA
4 N\ —(r =z —p8A
Restart the ~(y = 2) —p9
SAT solver.
\_ \/_) Dl 1v2 3v4avh, 6, 7, 8, 9 = (UnitProp)
6 780 1V2, 3V4V5, 6, 7, 8, 9 = (Decide)
67891 | 1v2 3vV4V5, 6, 7, 8, 9 = (UnitProp)
7.@ Td 1v2, 3vV4V5, 6, 7, 8, 0




Incremental T-solver

It can be done fully eagerly, detecting unsatisfiability as soon as

they are generated. But it may be much too expensive.

4 )

How to make Lt meore
efficient?




Incremental T-solver

It can be done fully eagerly, detecting unsatisfiability as soon as

they are generated. But it may be much too expensive.

Detection can be done at regular intervals, for example, once

every Kk literals added to the assignment.



Theory Propagation

1v2, 3v4vh, 6, 7, 8, 9 = (UnitProp)

1v2, 3v4vh, 6, 7, 8, 9 = (Decide)

1v2, 3v4vh, 6, 7, 8 9 = (UnitProp)
T-solver 1v2 3v4v5h, 6, 7, 8, 9 = (UnitProp)

(T—soL\/erJ' ust checks satisfiability. )
can T-solver provide more
Lnformation to guiode SAT solver t
9 produce assignment?




Theory Propagation

(r=1Vvaz=3)A (Pl V p2)A
(y=1Vy=2Vy=23)A (p3 V p4d V p5)A
(P6)A

A

—pSA

—p9

DI 1v2, 3v4V5,

, 7, 8, 9 = (UnitProp)
7, 8, 9

kK

T-solver



Theory Propagation

(

x # 3

S

T-solver

(x=1Vax=3)A (pl V p2)A
N =1vy=2vy=3)A (p3V pd V pB)A
(p6)A
- —pTA
—p&A
—p9
D) 1v2, 3v4vh, 6, 7, 8, 9 = (UnitProp)
€ 6 7 8 9 || 1V 2, 3V4V5, 6, 7, 8, 9



Theory Propagation

(x=1Vax=3)A (pl V p2)A
4 N\ w=1vy=2vy=3)n (3 V AV p5IA
(p6)A
—pTA

—p8A

—p9

D) 1v2, 3v4vh, 6, 7, 8, 9 = (UnitProp)
Ar— G 7 8 9 || 1V 2, 3V4VD5, 6, 7, 8 9
67395 1v2 3v4vs, 6, 7, 8, 9



r

EUF LS O T-
Solvey.

EUF + SAT

-+

Bit-vectors

4 .
E-matching Theories
based
Quantifier . .
Instantiation Arithmetic
W Arrays

aYenYanYanYan

Datatypes
Model
based
Quantifier Strings/Sequences
Instantiation

NN AN N AN

N

/

-

In addition to
EUF, there are

many other
Qheorg solvers.

~

/

Architecture of Z3's SMT Core solver



Theory Solver

What does T-Solver looks Like?



EUF

The logic of equality and uninterpreted function, EUF, is a basic

iIngredient for (first-order) predicate logic.

a=bb=c,d=eb=s,d=1

-
How to check if it is
satisfiable?




EUF

While formulas are not empty:
remove a=Db;

merge(a, b);



EUF

While formulas are not empty:
remove a=Db;
merge(a, b);

If find(a) = find(b) for some a+b
return false;

else

return true;




EUF

While formulas are not empty:
remove a=Db;
merge(a, b);

If find(a) = find(b) for some a+b
return false;

else

return true;

[ sar |

a=bb=c,d=c¢e
b=s,d=t,a#d



EUF

While formulas are not empty:
remove a=Db;
merge(a, b);

If find(a) = find(b) for some a+b
return false;

else

return true;

unsar|

a=bb=c,d=c¢

b=s,d=tlc#s




EUF

a=bb=c,d=c¢
b=s,d=1

f(a,g(d)) # f(b,g(e))

-
what if there ave
uninterpreteo functions?

\_




EUF

. THEOREM

Congruence rule:

L1 =Ylyeery Tn = Yn = f(i:la ::En) — f(yla XX yﬂ)
\_

a=bb=c,d=ce

b=s,d=1

f(a,g(d)) # f(b,g(e)) [ We can construct the
oraph with

congruence rule.

\_




EUF

1) introduce constants that can be used as shorthands for sub-terms.

a=bb=c,d=ce

b=s,d=t m)
f(a,g(d)) # f(b,g(e))

a=bb=c,d=c¢
b=s,d=1tv3# vd

|
=

.
S

vl :=g(e),v2:
v3 := f(a,v2),vd := f(b,vl)



EUF

2) Working bottom-up, the congruence rule dictates how to merge groups
a=bb=c,d=ce
b=s,d=t,v3#vd
vl :=g(e),v2 := g(d)
v3 := f(a,v2),v4 := f(b,vl)

(1) @ & ® @



EUF

2) Working bottom-up, the congruence rule dictates how to merge groups

a=bb=c,d=ce

N
b=s,d=1t,v3 # v4d

. Je:d:»me):g(d)
vl :=g(e),v2 := g(d) )

v3 := f(a,v2),v4 := f(b,vl)

(1) @ & ® @




EUF

2) Working bottom-up, the congruence rule dictates how to merge groups

a=bb=c,d=ce

N
b=s,d=1t,v3 # v4d

. Je:d:»me):g(d)
vl :=g(e),v2 := g(d) )

v3 := f(a,v2),v4 := f(b,vl)

(o) () (o) @ @




EUF

2) Working bottom-up, the congruence rule dictates how to merge groups

a:bjb:(jﬂdze
- N
a:bij:vli b:de:tjUi};&’U’—i
fla,v2) = f(b,v]) ol = g(e),v2 == g(d)
v3 1= f(a,v2),v4 := f(b,vl)

(o) () (o) @ @




EUF

2) Working bottom-up, the congruence rule dictates how to merge groups

a=0bb=c,d=c¢c
4 A
a=0,v2=vl= |p=3gd=1t03+v4
2) = f(b,vl - P
\f(a“:/U ) f( y U ) vl = g(e),UQ L= g(d)

v3 := f(a,v2),v4 := f(b,vl)




EUF

3) Check satisfiability like before

a=bb=c,d=ce
b=s,d=1t,p3 £+ v4
vl :=g(e),v2 := g(d)

v3 := f(a,v2),v4 := f(b,vl) AMNSAT

J
L
| V3,04 ]
N
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é Theories ) (

many other
Qheorg solvers.
ke UF and SAT. EUF + SAT W,

Bit-vectors

fomatching In addition to
o Avithmetic EUF, there are
( wWe have
introduced W Arrays

2RV YaRYaRYaR
NN AN N AN

Datatypes
Model
based
Quantifier Strings/Sequences
Instantiation
o J

Architecture of Z3's SMT Core solver



E-matching

based
Quantifier

Instantiation

Theories

Arithmetic

Arrays

=
)

Model
based
Quantifier

Instantiation

Bit-vectors

Datatypes

aYenYanYanYan

Strings/Sequences

o , )
A literal Ls an

/

atome or Lts
negation.,

BN y

—[T-soL\/ers nee

Architecture of Z3's SMT Core solver

o
to adoress
cowj unctlon

of Literals.

\_ /




E-matching

based
Quantifier

Instantiation

EUF + SAT }

Model
based
Quantifier

Instantiation

N

Theories

Arithmetic

Arrays

Bit-vectors

Datatypes

Strings/Sequences

aYenYanYanYan

)
)
)
)
)

\

€

4 what if N
sy mbols L a
formula

belong to
/ ,
VMJAL’CL‘PLC
theories?
/

/

Architecture of Z3's SMT Core solver



Strawman

b= f(d) Ae=f(f(d) Aa>10A(c=f(b)

\
, , Integers, +, -,
EUF Solver Arithmetic Solver S —
,

(
we cawn assigw Literals to

corvesponding theory solvers.

\_




Strawman

)~ @ —I7@) SCENI0)

g If both solvers give SAT, the
formula is satisfiable.
Otherwise, it must be UNSAT.

\_




[ Bven one Literal belongs |
to multiple theories.

NN

, N
How to asston

EUF Solver thewt?
\ y

Strawman

Arithmetic Solver

(
However, things seem to be more

complicated than we tmaged.

\_




g mtu’ut’wetg, we needl to convert every
Literal to a pure form whose symbols
belong to only one theory.

\_




The Nelson-Oppen Method

DEFINITION

Terms in predicate logic include variables, constants and function symbols.

Purification

For each literal | in formula A involving terms from both theories:

L <ana<2Nf(a) # f(L)Nf(a) # f(2)



The Nelson-Oppen Method

DEFINITION

Terms in predicate logic include variables, constants and function symbols.

Purification
For each literal | in formula A involving terms from both theories:

1) Select a subterm t of | containing symbols from one theory but not the other

L<ana<2A fla) # f)A fla) # f(2)



The Nelson-Oppen Method

DEFINITION
Terms in predicate logic include variables, constants and function symbols.

Purification
For each literal | in formula A involving terms from both theories:
1) Select a subterm t of | containing symbols from one theory but not the other

2) Rewrite tin | by replacing t with a fresh constant symbol c

L<ana<2A f(a) # flO) A fla) # f(2)



The Nelson-Oppen Method
DEFINITION

Terms in predicate logic include variables, constants and function symbols.

Purification

For each literal | in formula A involving terms from both theories:

1) Select a subterm t of | containing symbols from one theory but not the other
2) Rewrite tin | by replacing t with a fresh constant symbol c

3) Conjoinc=tto A

l<aANa<2A f(a)# f(b)A fla) # f(2) Nb =1



The Nelson-Oppen Method

DEFINITION
Terms in predicate logic include variables, constants and function symbols.

Purification

For each literal | in formula A involving terms from both theories:

1) Select a subterm t of | containing symbols from one theory but not the other
2) Rewrite tin | by replacing t with a fresh constant symbol c

3) Conjoinc=tto A

4) Repeat until each literal’s symbols are from single theory

l<ana<2A fla)# f(O)A fla) # flcf Ab=1Nc =2



The Nelson-Oppen Method

L<ana<2Af(a)# f(1)A fla) # f(2)
\

Il<ana<2A f(a)# f(D)A fla) # fle) N\D=1Ac=2

fAfter puriftication, every
Literal belongs to only
one theory.

\_ J




The Nelson-Oppen Method

l<aNha<2A fla)# f(1) A fa) # [(2)
l
a3 f(0) £ S0) A f(@) # 1) =T =2

Arithmetic Solver EUF Solver



The Nelson-Oppen Method
L<ana<2A fa) # f(1) A f(a) # f(2)

4
7(0) # FOINF (@) # Fe) AP = 1Afe =2

Arithmetic Solver EUF Solver




The Nelson-Oppen Method
L<ana<2A fa) # f(1) A f(a) # f(2)

4
7(0) # FOINF (@) # Fe) AP = 1Afe =2

/‘
! 2

SAT



The Nelson-Oppen Method
L<ana<2A fa) # f(1) A f(a) # f(2)

4
7(0) # FOINF (@) # Fe) AP = 1Afe =2

/‘
! 2 ! 2

SAT SAT



The Nelson-Oppen Method
L<ana<2A fa) # f(1) A f(a) # f(2)

4
7(0) # FOINF (@) # Fe) AP = 1Afe =2

)
\
really?
$ $ )\ °

SAT + SAT = SAT




The Nelson-Oppen Method
L<ana<2A fa) # f(1) A f(a) # f(2)

4
7(0) # FOINF (@) # Fe) AP = 1Afe =2

—
[ a=1/a=2 / ‘ \
b=1 Al
4 [ ]

SAT + SAT  =SAT %



The Nelson-Oppen Method

L<ana<2Af(a)# f(1)A fla) # f(2)
\

Il<ana<2A f(a)# f(D)A fla) # fle) N\D=1Ac=2

A%o
l =

J

C
\- SAT SAT

(It seews to be because of
lack of communication
betweewn two solvers.

\_




The Nelson-Oppen Method

L<ana<2Af(a)# f(1)A fla) # f(2)
\

Il<ana<2A fla)# f(b) A fla) # f(e) NbI=1 AN 2

e DEFINITION
Remaining constants in literals from both theories are called shared

constants.
\_

~

.

r‘rheg need to share (dis-)equality informatio

n 2QY,
that involves the shared constants, i Sl




The Nelson-Oppen Method

After purification, let S be the shared constants and let A be the formula

1) Assign literals to each T-solver (assign Al to EUF solver and A2 to arithmetic solver)

l<aNa<2A f(a)# f(b)A f(a) # f(c) ANb=1TAc=2

4 4

l1<aANa<?2 fla) # f(O)A
b=1ANc=2 fla) # f(c)

Arithmetic Solver EUF Solver



The Nelson-Oppen Method

After purification, let S be the shared constants and let A be the formula
1) Assign literals to each T-solver (assign Al to EUF solver and A2 to arithmetic solver)

2) Guess an equivalence relation R on S



The Nelson-Oppen Method

After purification, let S be the shared constants and let A be the formula
1) Assign literals to each T-solver (assign Al to EUF solver and A2 to arithmetic solver)
2) Guess an equivalence relation R on S

3) Run EUF solver on A1 and R. Run arithmetic solver on A2 and R

a=ba=cb=c 1<aNna <2 f(a) # f(b)A
b=1Nc=2 f(a) # f(c)

UNSAT UNSAT

O



The Nelson-Oppen Method

After purification, let S be the shared constants and let A be the formula

1) Assign literals to each T-solver (assign Al to EUF solver and A2 to arithmetic solver)
2) Guess an equivalence relation R on S

3) Run EUF solver on A1 and R. Run arithmetic solver on A2 and R

4) If both return SAT, then return sat. Otherwise, goto 2) and pick a new equivalence relation on S

a=ba=cb=c 1<aNna <2 f(a) # f(b)A
b=1Nc=2 f(a) # f(c)

2 2

UNSAT UNSAT

O



The Nelson-Oppen Method

After purification, let S be the shared constants and let A be the formula

1) Assign literals to each T-solver (assign Al to EUF solver and A2 to arithmetic solver)
2) Guess an equivalence relation R on S

3) Run EUF solver on A1 and R. Run arithmetic solver on A2 and R

4) If both return SAT, then return sat. Otherwise, goto 2) and pick a new equivalence relation on S

a=ba=cb=c 1<aNna <2 f(a) # f(b)A
¥ a=ba#cb#ec b=1Ac=2 f(a) # f(c)

SAT UNSAT

O



The Nelson-Oppen Method

After purification, let S be the shared constants and let A be the formula

1) Assign literals to each T-solver (assign Al to EUF solver and A2 to arithmetic solver)
2) Guess an equivalence relation R on S

3) Run EUF solver on A1 and R. Run arithmetic solver on A2 and R

4) If both return SAT, then return sat. Otherwise, goto 2) and pick a new equivalence relation on S

a=ba=cb=c 1<aNna <2 f(a) # f(b)A
a=ba+cb#c b=1Ac=2 f(a) # f(c)
&a#b?a:@b#ﬁ ‘ l

SAT UNSAT

O



The Nelson-Oppen Method

After purification, let S be the shared constants and let A be the formula

1) Assign literals to each T-solver (assign Al to EUF solver and A2 to arithmetic solver)
2) Guess an equivalence relation R on S

3) Run EUF solver on A1 and R. Run arithmetic solver on A2 and R

4) If both return SAT, then return sat. Otherwise, goto 2) and pick a new equivalence relation on S

a=ba=cb=c l<ana<?2 f(a) # FBA
a=ba#cbh#ec b=1Ac=2 f(a) # £(0
a#b,a=cb+#c l l

Y3 aFbaFcb=c UNSAT SAT



The Nelson-Oppen Method

After purification, let S be the shared constants and let A be the formula

1) Assign literals to each T-solver (assign Al to EUF solver and A2 to arithmetic solver)
2) Guess an equivalence relation R on S

3) Run EUF solver on A1 and R. Run arithmetic solver on A2 and R

4) If both return SAT, then return sat. Otherwise, goto 2) and pick a new equivalence relation on S

a=ba=cb=c l<aha<? fla) # f(OIA
a=ba#cb#c b=1Ac=2 f(a) # f(c)
a#b,a=cb+#c ‘ l
aFbarcb=c UNSAT SAT

Yo a4ba#ceb#c



The Nelson-Oppen Method

After purification, let S be the shared constants and let A be the formula

1) Assign literals to each T-solver (assign Al to EUF solver and A2 to arithmetic solver)

2) Guess an equivalence relation R on S

3) Run EUF solver on Al and R. Run arithmetic solver on A2 and R

4) If both return SAT, then return sat. Otherwise, goto 2) and pick a new equivalence relation on S

5) If all have equivalence relation been tried, return UNSAT

a=ba=cb=c l<aha<? fla) # f(OIA
a=ba#cb#c b=1Ac=2 f(a) # f(c)

a#b,a=cb+#c
a#b,a#cb=c

a#ba+#cb+#c



Exercise

~(f(2) = f(7) =0)ANi—=37 =0

p
Translate the formula and Ldentify

the shares constants.

\




Exercise

~(f(0) = f(G) = 0) Ai—j =0

-
Shared constants tnelude

m, n, iawdj.

Arithmetic Solver EUF Solver



Thanks & Questions
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